This work prolongs, using an operator method, the investigations started in our recent 
Introduction
The harmonic oscillator is undoubtedly one of the most important model systems in classical and quantum physics, what justifies its intense study in the literature. Referring the reader to our previous work [17] for the motivations of this investigation, we briefly recall here some salient features needed to understand our development in the sequel. The noncommutative (NC) spacetime is described by the commutation relation between coordinate operators as
In this equation Θ µν is a deformation parameter tensor which should vanish at large distances where one experiences the commutative world and may be determined by experiments in the high energy case. In the simpler case when Θ µν (x) ≡ Θ µν , where Θ µν is a constant skewsymmetric tensor, the NC spacetime remains flat. Noncommutative field theory defined on this Θ−deformed spacetime is extensively studied in the literature [1] - [35] . When the parameter Θ µν (x) depends on the space variables, it can engender a dynamical twisted space and the geometry associated with this deformation becomes curve. Consider, (see [13] 
Without bothering about the convergence, each element inÂΘ is a formal power series in thê x µ 's for which the relation [x µ ,x ν ] = iΘ µν holds. The Moyal algebra can be also defined as the linear space of smooth and rapidly decreasing functions equipped with the NC star product. The algebra of functions of such noncommuting coordinates can be represented by the algebra of functions on ordinary spacetime, equipped with a noncommutative −product, i.e.
(ÂΘ, .) ∼ = (AΘ, ). It is obvious that this deformation breaks the classical Lorentz symmetry.
However, one can construct a deformation of Lorentz symmetry such that it is a symmetry of
. The way to do this construction is to use a Lie algebra G generated by D elements t µ . The twist element F ∈ U G ⊗ U G , where U G is the universal enveloping algebra of G. U G is a Hopf algebra and there is a linear map, called coproduct ∆ :
The main property that F has to satisfy is the cocycle condition the construction of this deformation. Aschieri et al [1] showed that, using the commuting vector This work aims at deepening, by using an operator method, the investigations started in our recent paper [17] on the spectrum and states of the harmonic oscillator on twisted Moyal plane, where rather a Moyal-star-algebraic approach has been used and has produced a series of new unexpected results. As in the latter study, we deform the Moyal algebra with noncommuting vectors fields X a , i.e. [X a , X b ] = 0, and suitable condition on the parameter e µ a so that the star-product obeys the associativity property. All the results of our investigation obviously remain valid when the considered vector fields commute. We then solve the harmonic oscillator eigenvalue problem in such a pertinent way to enjoyably produce appropriate physical quantities,
i.e. eigen energies and states.
This paper is organized as follows. In section 2, we recall the star-product properties used in the sequel, and deal with a comparative study of the harmonic oscillator in both ordinary and twisted Moyal planes. In section 3, the properties of harmonic oscillator at infinity are given.
Section 4 is devoted to final remarks.
2 Harmonic oscillator in twisted Moyal space
Brief review of useful twisted Moyal product properties
As a matter of completeness, let us immediately provide a quick general survey of useful properties of twisted Moyal product which are used in the sequel.
In the context of a dynamical noncommutative field theory, the vector field can be generalized to take the form X a = e 
and the vielbeins are given by the infinitesimal affine transformation as
where ω ab ∈ GL(D, C) is skewsymmetric. Using (4), the non vanishing Lie bracket peculiar to the non-coordinate base [17] [X a ,
is here simply reduced to
Besides, the dynamical star product (3) can be now expressed as
where e −1 =: det(e . One can check that the Jacobi identity is also well satisfied, i.e.
conferring a Lie algebra structure to the defined twisted Moyal space. This identity ensures the associativity of the star-product (3) and implies that
Therefore the algebra AΘ with this approach is the associative algebra and its universal algebra U(AΘ) is a Hopf algebra. The twisted star-product (3) is then well defined. Remark that with the relation (6), the requirement that ω ab is a symmetric tensor trivially ensures the associativity of the star product. In the interesting particular case addressed in this work, the associativity of the star product (3) is guaranteed even with the non symmetric tensor ω ab . See proof in [17] .
Besides, Proposition 2.1 If f and g are two Schwartz functions on R 2 Θ , then f g is also a Schwartz function on R 2 Θ .
and
ab is skew-symmetric, the defined twisted −product remains noncommutative and associative.
Proof: See [17] .
The tensor Θ µν can be decomposed in our case as:
and the twisted Moyal star-product satisfies the useful relation
The anticommutator and commutator star brackets of x µ and f can be immediately deduced as follows:
The relations (11) can be detailed for x µ , µ = 1, 2 as:
giving rise to the creation and annihilation functions
with the commutation relation [a,ā] = θe −1 . It then becomes a matter of algebra to use the transformations of the vector fields ∂ 1 and ∂ 2 into ∂ a =:
∂ ∂a and ∂ā =:
∂ ∂ā and vice-versa to infer e −1 = 1 − aω −āω and e = 1 + aω +āω, where
There result the useful relations
Expressing the twisted −product (7) in terms of vector fields ∂ a and ∂ā as
and using equations (13) and (14) (or independently (18)) yield
Physical states and spectrum
From the above derived results, the twisted ho Hamiltonian operator H = aā is defined by the relation
with the domain
AC loc (R 2 Θ ) denotes the set of locally absolutely continuous functions on R 2 Θ . Similarly,
defined in the domain
Setting ω 2 = ω 1 12 , ω 1 = ω 2 12 , e −1 = 1 + ω 2 x 2 − ω 1 x 1 , the eigenvalue equation can be written as
with
which naturally suggests the use of polar coordinates as follows:
The variable change (27) transforms the equation (25) into the form:
Separating the variables in the function f as follows:
and replacing the result in (28), we get 31) with the constraint relation
Finally, introducing the latter in the equation (31) generates the appropriate differential equation:
As a matter of result comparison, let us now search for the solutions of this equation by considering both ordinary and twisted Moyal spaces.
(B1) Case of the ordinary Moyal space It corresponds to ω 1 = 0 reducing the equation (33) to
Making the variable change
and the equation (34) takes the form
Then, choosing u + E = ρ further simplifies the expressions to give
with singularities at ρ = 0 and at ρ = ∞. In the vicinity of ρ = 0, we find χ(ρ) proportional to ρ ν , and at infinity χ(ρ) = e −Bρ . Therefore, if we write the solution as follows:
the resulting differential equation for F (ρ) turns out to be in the form
which, with 2Bρ = ρ , a = 1 2B
is transformed into the Kummer confluent hypergeometric equation
whose the general solution is given by
where
The solution of (37) then becomes
The physical states i.e. bounded states occur only for B > 0, i.e. θ > 0, since the confluent series Φ(a, b; ρ), for large values of ρ, is proportional to e ρ so that χ diverges for ρ → ∞.
Further, the second term of (44) has a regular singularity at ρ → 0 if b > 1. Hence the physical states (see details in the case (B2) below) are given by
corresponding to the eigen-energies
with a = −l, l = 0, 1, 2, · · · . Finally, in accordance with [14] (and references therein), k must satisfy the relation
The solution (46) can be transformed into Laguerre or Hermite polynomials by using a suitable transformation. Further by adopting an appropriate normalization constant, one can show that it is well equivalent to the result given in [14] . See Appendix.
(B2) Case of the twisted Moyal space
Consider now equation (33) in the case when ω 1 = 0. This equation can be re-expressed as follows:
As ω 1 is an infinitesimal parameter, the equation (49) can be reduced to
Defining χ in terms of series, χ(r) = n a n r n , with a n such that a 2p+1 = 0, ∀p ∈ N, then (50) is re-expressed as
The sequence a n satisfies the recurrence relation (n + 2) 2 − k 2 a n+2 − ω 1 cos α (n + 1)a n+1 + 8E θ 2 a n + 16Eω 1 θ 2 cos α a n−1 − 4 θ 2 a n−2 − 8ω 1 θ 2 cos α a n−3 = 0.
If n = 0, then
θ 2 a 0 and we infer that k = ± √ 5.
If n = 2 and n = 3, then we obtain the values
, and
respectively, implying k = 3 √ 2. Continuing this procedure, we succeed in separating the relation (52) into new recurrence relations (n + 2) 2 − k 2 a n+2 + 8E θ 2 a n − 4 θ 2 a n−2 = 0 (54) and − (n + 2)a n+2 + 16E θ 2 a n − 8 θ 2 a n−2 = 0.
which are equivalent if and only if
As n is an even integer in the equations (54) and (55), we obtain ) is defined by the scalar product < f, g > = :
There results the normalization condition
Therefore, the following result is in order.
Proposition 2.3
The normalised eigenstates and eigenenergies of the harmonic oscillator on twisted Moyal plane are given, respectively, by
Proof: Using the relation (96) given in Appendix, the identity
and (60), we arrive at the normalization condition
yielding
where Γ(.) is the gamma function defined by the relation Γ(z) =: 3 Physical properties at infinity Equation (37) is reduced to 
and the series a l satisfies the recurrence relation
with a n = B 2 n 2 a n−2 =
If l = n 2 implying that n is an even integer, we get
We then obtain
Finally there results the following solution:
Putting (73) into the equation (66) yields
The parameter λ satisfies the equation
affording the solution
This relation bounds the energy by
Remark that, for ρ → ∞, λ = 0 and the energy spectrum of the ground state takes the form
We finally arrive at the following main result:
The state of the harmonic oscillator in twisted Moyal space is given by
with the corresponding energy
Proof: Equation (79) is immediately obtained by substitution of (73) in (29) . The expression (80) is the solution of (74) reducible, after some algebra, to
Final remarks
By deepening the analysis of the physical properties of the harmonic oscillator on twisted Moyal plane, this work has proved that one can retrieve useful physical quantities, i.e. physical states with real energies even in such deformed situation, thanks to the efficiency of the used operator approach. The twisted Moyal space favours the appearence of both seattering and bound states for the particle subject to a harmonic potential.
with new parameters a = 1 + a − b, b = 2 − b. It follows that the function
is also a solution of (86) 
where |argz| < π, b = 0, ±1, ±2, · · · .
According to the definition of the Hermite polynomials,
the even polynomials can be written in the form
since (2k)! = 2 2k ( 1 2 ) k k!, and therefore
For the odd Hermite polynomials, we have the analogous formula H 2n+1 (z) = (−1) n (2n + 1)! n! 2zΦ(−n, 3 2 ; z 2 ).
The even Laguerre polynomials can be written in the form 
and hence L σ n (z) = (σ + 1) n n! Φ(−n, σ + 1; z).
Note that relation (63) is obtained by using a novel property of Laguerre polynomials given by
